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■ ABSTRACT 

0\ 

. The nature of the Abehan Higgs Model phase transition is investigated. A vari- 

ational approximation is used in the evaluation of the relevant finite temperature 
. effective potential. Some of the results presented are valid not only in the Abelian 

\ Higgs Model, but also in more complex theories. 
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^ . Several recent studies^"^ have been devoted to the phase transition of the Abehan 

^ \ Higgs Model. Besides being interesting in its own right, the Abelian Higgs Model 

\ gives a simple setting in which one can develop techniques that might be useful in 

the investigation of other gauge theories with spontaneous symmetry breaking. In 

■ this lecture I discuss a variational technique that can be used in the evaluation of 
^ \ the finite temperature effective potential, which is an important tool in the inves- 
^ \ tigation of phase tranaitions. I illustrate this technique by studying the daisy and 

superdaisy resummedQfl'El finite temperature effective potential of the Abelian Higgs 
Ph! Model. 
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As discussed in Ref.8, using the composite operator methodise one can show 
that, if < A < e^, the daisy and superdaisy resummed effective potential of the 
Abelian Higgs Model can be written as 

F-^ = ^-^(0,Go) = -^0^ + ^0^ + i| lnGo^(fc) + i^ [D-\^-k)G,{k)-l] 
+vi''\G,) + \/f (Go) + F^)(Go) + vi'\Go) , (1) 



where 



vt\G) ^ -A^^ [GUv)GM + 2GMGUq)] , (2) 

vi'\G) ^ -^^g^'ti G,,{q)Gaa{p) , (3) 

2 

vi''\G) ^ eateU^p + qY{2p + qfG ,.{q)Gad{p)G,,{p + q) , (4) 

2 

vi^\G) = ^i:i:eacedb{2q + pn2q + pyGabip + q)GMGM ■ (5) 



D is the tree-level propagator in momentum space, which can be written as 



{D'^{(f);k))ab = rn^)Sai5bi + - m^)Sa25b2 - Sabk"^ 

2 o 

{D'^{(t>]k))af, = -iekf,eab4>b , (6) 
and Go is the solution of 

5G ' ^ ' 

The analytic solution of Eq.(0) is beyond our present technical capabilities, and, 
as a consequence, we cannot evaluate V^^^* exactly, unless we resort to numerical 
methods. 

I study V^*^* analytically using the observation that an approximate solution of 
the variational problem (|l|)-(0) can be obtained by evaluating Vf'^'^{(j),G) with spe- 
cific parameter-dependent expressions for G{k) and then varying these parameters. 
This type of procedure is knownS as the "Rayleigh-Ritz variational approximation" . 
As the parameter-dependent G{k) I take the following expressions 

G-l = {M^ - k')tUk) + (Mf - k')l,M + e'^')^ , 

G^,' = 5MMl-P) + Sa25b2{M^-k^) , 

Gal = -iek^eab(pb ■ (8) 
where t^^ and l^y are defined by 

t^^uiji) = ^) , l^,ly{k) = - g^jy - t^^ . (9) 

The Eqs.(^ express the propagator in terms of "Rayleigh-Ritz effective masses'' 
Mj.. [As required by the way Lorentz invariance is broken at finite temperaturdiil, 
the two transverse modes of the gauge boson acquire the same effective mass Mt 
whereas the longitudinal mode has an independent effective mass M;.] 

The approximation of the daisy and superdaisy resummed finite temperature 
effective potential that I evaluate is the solution of the following variational problem 

l^-^^y;-(0,G({Mo})) , (10) 
<5V^;-(0,G({M})) 



= 0, (11) 

{M}={Mo} 



where {M}={M\M^, M^, M'^}={M^, M^, Mt, Mi}. 

The effective potential ¥^^^{(1), G{{M})) in Eqs.(|TO|)-(pTD includes divergent inte- 
grals; therefore a regularization and renormalization procedure is necessary. In the 



similar renormalization of the scalar theory! it has been shown that the only 
effect of renormalization on the high-temperature part of the effective potential is 
the substitution of the bare parameters with renormalized ones. In the following 
I shall assume that the same applies in the case of the Abelian Higgs Model, and 
therefore, rather than performing renormalization explicitly, I shall simply omit 
the (zero-temperature) ultraviolet-divergent contributions and substitute the bare 
parameters with renormalized ones in my high-temperature effective potential. 
Using the well-known resultst3 



ne-y^-]^ 
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cn = - ln(— ) + - + ln(47r) - ^iEuier , (12) 



fkk'^-y^ 12 An 8tt^' 
1 T2 1 

2^^(;^) + 2 

(where /i is a renormalization scale), and the high-temperature approximation of 
V^^""^ obtained in Ref.8, one can easily show that, for M^/T'^«l, Vf^%(j),G{{M})) 
can be approximated by 

Vr{<P,G{{M})) -imV + ^0' + ^(^A02-2m2 + 3eV) 

+ ^(M| + Mj + 2M3 + Mf) 

'''' -XMl + M^ + 2Mt + Mt) 



+ g;(M.^-2M|-2M^)ln(^i±^; 



(2M, + Ml) - f[M^i^ - m') + M^(§ - m') 



247r 'I447r 327r2' 

467r^ ^ ^' 1287r2 * ^487r2 1287r2^ 

+ iS^^' + ^*^^^'^ + ^^^ + ^l^+1^^5^^^^' ^^^^ 

where a$=[(cn + cei + ce«)/(47r)] + A[(4cQ + 9)/(727re^)]. cet and ce;, which are coeffi- 
cients analogous to cq, are given by integrals that can be evaluated numericallySu^. 

The approximation of VJ^'*(0, G{{M})) obtained in Eg. (p!3|) allows to express the 
gap equations (|Tl|) in the following high-temperature form 



47r TT ' ST 



24^— xvv^; 4vr*-'' vr T 



ce^ _ J 1 M^ + M^ . 

IQtx Stt Att 3T ' 



e^TM, + ^^, (15) 



Mf ^ eV + ?rT^ - e^(^ - ^)TM, - -^(M, + MJ + . (16) 



Finally, reexpressing some terms in Eq.(^3D using the gap equations (|TJ)-(|T6D, I 
find that the Rayleigh-Ritz and high-temperature approximation of the daisy and 
superdaisy resummed finite temperature effective potential for the Abelian Higgs 
Model is given by 

V?^^(0,{Mo}) ^ -lrnV + ^0' + ^(^A02-2m2 + 3eV) 

^ (Mjo + Mjo + 2Mjo + Ml,) 



127r 



327r2 3T 



327r2' 



M,,o(M^,o + M^,o) + (- - — )— M^,oM, 



327r2 '-"^ "^'^ ^'"^ ^32 192' 7r2 



where M^^o, ^x.o^ ^i,o, and M; o are the solutions of the gap equations ([T^)-(|T6|), 
and a$=l/32 - (ce* +'ceO/64 +'(A/e2)(cQ/288 - 1/128). 

Concerning the nature of the phase transition of the Abelian Higgs Model it is 
useful to notice that for eT << << T the Eqs.(|T^)-(P!7D imply that: (I) besides the 
expected contributions involving even powers of 0, there is a negative contribution 
of order e^Tcfy^ to the effective potential, which comes from the TMf, term, and (II) 
there is no contribution of order e^T^cp. These observations indicatei0 that there 
is a critical temperature Tc at which V^^'*(0) has two degenerate minima. From 
Eqs.(|l4D- (p!7| ) it is also easy to realize that when e^/A >> 1 the symmetry breaking 
minimum (ph is located in the region of the (/)-axis that is reliably described by the 
daisy and superdaisy resummed effective potential* i.e. (pb > gTc (see Fig.l), and 
therefore, at least in these hypotheses, my result indicates that the Abelian Higgs 
Model has a first order phase transition. 

Another interesting aspect of Eq.(|l^ is that the terms linear in the effective 
masses have cancelled out. In the literature there has been an extensive debate on 
the possibility that the resummation of the daisy and superdaisy diagrams might 
induce contributions to the finite temperature effective potential which are linear 



*As discussed in Refs.8,9,14, the daisy and superdaisy resummed eflective potential is expected to give a 
reliable approximation of the full effective potential for all (f> > eT. 




Figure 1: The Rayleigh-Ritz and high-temperature approximation of the daisy and 
superdaisy resummed effective potential at the phase transition. In figure V{X) = 
10^Re[Vf^'{X)-Vf^'{0)]/T'^, X = (f)/eT, r~7;~8.625m, e = .24, A = 0.01. 

in the effective masses! Using the general form of the Rayleigh-Ritz approximation 
with momentum independent effective masses it is easy to see that a cancellation 
of linear terms always occurs. Let me consider for simplicity a purely bosonic 
theory with N fields, whose tree-level masses I label rrii {i=l....N). For such a 
theory the Rayleigh-Ritz approximation of the effective potential (with appropriate 
parametrization of G in terms of effective masses Mj) takes the general form 



V, 



R-R 



jfc [D-\<l>; k)G{{M}; k) - 1] + V2{<l>, {M}) 

= Vclassic{(l>) + 



Vela 
+ - 



24 



+ + V^2(0,{M}) 



24 Stt 

and the gap equations that follow from varying Vr-r have the form 

, 87r ay2(0,{M}) 
' ' T dMi 
Using the gap equations, Vr^r can be written as 



V, 



R-R 



Vclassic{(l>) + 

i 

dV2{(P,{M}) 



+ 



TMf 



(18) 



(19) 



+ 



^ 24 127r 
+ 1^2(0, {M}) + 



(20) 



^More precisely, it has been conjectured that Vj<^^ Vdassic ^ne— Zoop' 

where V*^^ 

—loop ^® leading 

one-loop contribution (which, for example, in the ease of the Abelian Higgs Model is given by T'^{2\(jp — 
2rn? + 3e^0^)/24), might include terms linear in the effective masses. 



Contributions linear in Mj can come from the terms — Mj9V2(</), {M})/c}Mj and 
V2(0, {M}), but, evidently, each linear contribution coming from V2{(f>,{M}) is ex- 
actly cancelled by a corresponding contribution coming from —MidV2{4>, {M}) / dMi, 
leading to a combined contribution to Vr-r that does not include any term linear 
in Mj. Because the derivation is independent of the specific form of V2(0, {M}), 
this result is valid to all orders (i.e. it applies to the full effective potential and 
any consistent approximation of it), and in particular it applies to the daisy and 
superdaisy resummed effective potential. 

The techniques discussed in this analysis of the Abelian Higgs Model clearly 
apply to any gauge theory. Using the composite operator method, one can do better 
than the daisy and superdaisy resummation by going beyond the lowest non-trivial 
order in the loop expansion of V{(f), G). Also my Rayleigh-Ritz approximation can be 
improved by using more elaborated versions of the parameter dependent expression 
for G; for example, one can make the substitutions + Y^k"^ in Eq.(P) and 

vary not only the M^-'s but also the additional parameters Y^. Numerical methods 
can be used both in the study of these more elaborated versions of the Rayleigh-Ritz 
approximation, and in the exact evaluation of the daisy and superdaisy resummed 
effective potential as given in Eqs.(|l|)-(^. 
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